In this study, the hybrid approach of the Quadrature Element Method (QEM) has been employed to generate solutions for point supported isotropic plates. The Hybrid QEM technique consists of a collocation method with the Galerkin finite element technique to combine the high accurate and rapid converging of Differential Quadrature Method (DQM) for efficient solution of differential equations. To present the validity of the solutions, the results have been compared with other known solutions for point supported rectangular plates. In addition, different solutions are carried out for different type boundary conditions, different locations and number of point supports. Results for the first vibration modes of plates are also tested using a commercial finite element code, and it is shown that they are in good agreement with literature.
Introduction
In the applications of modern structures, i.e. carousers, building floors, bridge decks, solar panels, aircraft and ship industries, bolted, riveted or spot-welded plate bodies are used. Designers have to know how these components change the dynamic characteristic of the structures. These types of engineering problems are known as point supported plate problems and they are frequently encountered in practice. Both analytical and numerical methods have been developed for the analysis of these problems. Although there are no exact solutions for these problems, various numerical approaches have been utilized. For example, Cox and Boxer (1960) used a finite difference method, Damle and Feeser (1972) used the finite element method, Fan and Cheung (1984) used the spline finite strip method, Huang and Thambiratnam (2001a) used the finite strip method, Guiterrez and Laura (1995) used dthe ifferential quadrature method, Zhao et al. (2002) used the discrete singular convolution method to solve the mentioned plate vibration problems. Because of its high accuracy, the Rayleight-Ritz method has been the most frequently used analytical method to appeal for vibration analysis of plates, as Narita and Hodgkinson (2005) did. Also Gorman (1991) and Bapat and Suryanarayan (1989) utilized the superposition method and the flexibility function approach as analytical techniques, respectively.
Several functions are used for the analysis of free vibration of point supported rectangular plates. These include vibrating beam functions (Kerstens, 1979) , B-spline functions (Mizusawa and Kajita, 1987) ] and orthogonal polynomial functions (Kim and Dickinson, 1987) . On the other hand, Liew and Lam (1994) applied a set of orthogonal plate functions generated by using the Gram-Schmidt orthogonality relationship to elastic point supported rectangular plates. Lee and Lee (1997) used a new type of the admissible function. Kitipornchai et al. (1994) and applied the Lagrange multiplier method and the constrain function method to point supported Mindlin plates. Cheung and Zhou (1999, 2000) used the static beam function to composite plates and used the finite layer method to layered rectangular plates with point supports. Saadatpoure et al. (2000) studied vibration of plates having a general shape with internal point and line supports using the Galerkin method. Huang and Thambiratnam (2001b) applied a procedure incorporating the finite strip method together with spring systems for treating plates on elastic intermediate supports. Zhou (2002) used a set of static tapered beam functions which were the solutions of a tapered beam under a Taylor series of static loads developed as admissible functions for vibration analysis of point-supported rectangular plates with variable thickness in one or two directions. Again, Zhao et al. (2002) studied the problem of plate vibration under complex and irregular internal support conditions using the discrete singular convolution method. Kocatürk et al. (2004) used Lagrange equations to examine the steady state response to a sinusoidally varying force applied at the centre of a viscoelastically point-supported orthotropic elastic plate of rectangular shape with considered locations of added masses.
The Differential Quadrature Method (DQM) was proposed by Bellman and Casti (1971) in the early 1970's as an efficient numerical method to solve non-linear partial differential equations and applied to many areas of engineering problems. Especially, the Generalized Differential Quadrature Method (GDQM) has been used by various researches for efficient treatment of structural analysis problems. Analyses yielded good to excellent results for only a few discrete points due to the use of high order global basis functions in the computational domain. However, especially for real-world problems, DQM still lacks flexibility. Recently, Chen et al. (2000) extended the DQM to analysis of various structures and then it called the Quadrature Element Method (QEM). 49 degree of freedom (DOF) quadrature plate element was developed by Striz et al. (1994) to alleviate the lack of versatility and limitations of the existing high order series type approximation method. Different versions of the Differential Quadrature Method have been used for various applications. Hybrid approach was further developed by Han and Liew (1996) to solve the one-dimensional bending problem of the axisymmetric shear deformable circular plate, and by Liu and Liew (1998, 1999a,b) and Liu (2000) to solve two-dimensional bending and vibration problems of thick rectangular plates and polar plates having discontinuities. Wang and Gu (1997a,b) made an attempt to solve static problems of truss and beams and static and free vibration problems of thin plates. DQM was used by Liu and Liew (1999b) for the study of a two dimensional polar Reissner-Mindlin plate in the polar coordinate system by integrating the domain decomposition method (DDM). The Differential Quadrature Finite Difference Method (DQFDM) was proposed and applied by Chen (2004) for analysis of 2-D heat conduction in orthotropic media. Franciosi and Tomasiello (2004) applied a modified quadrature element method to perform static analysis of structures.
In this paper, the Quadrature Element Method is proposed and applied to analyze free vibration of point supported rectangular plates. Plates having different boundary conditions and various point topologies are studied. The results are compared with the studies using other approximating methods known in literature. First, interior and/or exterior point supported free plates and then, interior point supported plates having various boundary conditions are presented. Solutions are tested with the results of ABAQUS, a finite element program which has a wide spread use in the analysis of engineering problems.
Formulation of the quadrature plate element
The Hybrid Quadrature Element technique consists of a collocation method in conjunction with the Galerkin finite element technique to combines the high accuracy and rapid converging of DQM for efficient solution of differential equations with the generality of the finite element formulation (Chen et al., 2000) .
The quadrature plate element is closely related to the serendipity Lagragian element, but it has internal points and basis functions of high order (Chen et al., 2000) . Numerical procedures are extensively used in the element formulation to circumvent the problems caused by the use of high order basis functions. C 0 and C 1 inter-element compabilities are met exactly for the mid--surface, while the other C 2 or even C 3 compabilities are closely approximated at each boundary by the use of moderately high order basis functions. The 25 node rectangular element is given in Fig. 1 . This plate element has also 49 degrees of freedom. These degrees of freedom, which belong to the plate element, are given in Table 1 The displacements of 25 nodes and 49 degrees of the freedom quadrature plate element are expressed in terms of polynomial type basis functions, i.e. 5, 9, 13 3, 4, 10, 11, 12 7, 8, 14, 15, 16 18, 19, 20, 21, 22, 23, 24, 25 
where N ij is the shape function which can be determined from the specified collocation points, and w i , (∂w/∂x) i , (∂w/∂y) i , (∂ 2 w/∂x∂y) i are local DOFs associated with the node i. The governing equation of the isotropic thin plate in small deflection free vibration is given by
and Kirchhoff's plate theory, in which the bending strain of the element is given for an isotropic and homogeneous plate as
If Eq. (2.1) and Eq. (2.3) are combined, the strain-displacement relationship is stated by
The stiffness matrix can be calculated for the area A
where D is the rigidity matrix which can be calculated using constant thickness h, Poisson's ratio ν and the modulus of elasticity E
The consistent mass matrix can be calculated as
and the governing equation for plate free vibration can be written in the matrix form
where λ is the frequency parameter, and the subscribed s represents the whole discretized system.
Numerical application and discussions
Frequency parameters of free vibrations are described as λ = ωL 2 ρh/D, where ω, L, ρ, h, D represent circular frequency, length of the plate, density, thickness and rigidity, respectively.
In order to obtain more accurate results, QEM solutions have been carried out by using 2×2 and 4×4 differential quadrate plate elements joined side by side along the x and y directions. When a larger number of plate elements are used more accurate results can be obtained, but the solution can be obtained with a larger linear system of equations. If there are simply supported boundary conditions on all edges of the plate considered then the quadrate plate element has only 25 DOFs. In other words, a set of 25×25 linear equations system has to be solved for one plate element. The size of the linear equations system is set to 400×400 for the same procedure needed be to solve with the same boundary conditions and the 4×4 plate element. First, the number of plate elements that can be used for results having acceptable accuracy must be decided. Therefore, frequency parameters for three boundary conditions and four plate elements are obtained with QEM. Table 2 presents the frequency parameters λ of isotropic rectangular plates. It is interesting that acceptable accuracy results are obtained by QEM for all boundary conditions in the case of only one plate element. Besides, the same boundary conditions given in Table 2 are solved using ABAQUS commercial finite codes. It is obvious that if more elements are used in computation, the error will be reduced. However, the required number of elements must be determined for acceptable accuracy. The variation of the relative error with selected degrees of freedom is given in Fig. 2 for different boundary conditions. Relative errors have been evaluated using the analytical results of Leissa (1973) . This % error value of the relative difference is defined as (Analytical Leissa value-ABAQUS result)×100/(Analytical Leissa value). Naturally, the result changes when different boundary conditions are used. As in many literature sources the 4 node thin shell elements (S4R) are employed, the uniform mesh size and different element numbers on each side of the plate such as 10, 20, 50, 100, 200 and 400 scales are used to achieve convergent FEM solutions (Rui et al., 2015 (Rui et al., , 2016 . In this study, the results have been given for all values from 100 SR4 shell elements on each side of the plate. For these elements, there are approximately 49,800 DOFs. As shown in Fig. 2 , the biggest % relative error for SFSF boundary conditions to the selected number of elements is 0.01%.
In order to simplify the visualisation of types of supports which are used in tables and figures, symbols in Table 3 are to be used. The number of elements used in ABAQUS should be determined to obtain an acceptable solution for simply supported rectangular plates with point supports at the centre, as this type of problems is found in numerous literature items. Simply supported rectangular plates with a point support at centre are shown in Fig. 3 . The results of QEM (2×2 and 4×4) are presented in Table 4 As shown in Fig. 5 , five boundary conditions and point support at the corner of the plate are considered. In Table 5 For several cases, the results for plates with point supports are compared with other values given in the literature. As shown in Fig. 6 , plates with different numbers of point supports at the interior and/or boundary are considered. All results obtained from ABAQUS and QEM solutions are presented in Table 6 . Kato Table 6 . It can be seen from Besides, the results of point supported free plates are given in Table 8 . The first five frequency parameters are presented for point supports on the interior and/or boundary of plates. The differences between the results of QEM and ABAQUS solutions are approximately 0.1% 
